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In this paper we develop a coherent control theory of the off resonance refractive index of a 
medium with a Gaussian pulse of coherent light. The refractive index of gaseous N i is studied by 
using this theory. It is found that the off resonance refractive index of gaseous N2 can be enhanced 
through the coherent control approach by changing the coherent parameters or the pulse duration 
of the coherent light. 

I. Introduction 

Q u a n t u m coherence and interference in atomic sys-
t ems can lead to interesting optical phenomena such 
as nonabsorb ing resonances [1] and lasing without 
inversion [2]. Recently, Scully [3] and Scully and 
F le i schhauer [4] have shown that the refractive index 
of a gaseous med ium prepared in a phase-coherent 
state (phaseonium) can be resonantly enhanced while 
the absorpt ion is vanishingly small. For this effect , 
several coherence-establ ishing schemes have been in-
vest igated [5, 6], Fur thermore, Quang and Freedhoff 
[7] have reported that this novel e f fec t can also be 
obta ined f rom the study of a coherently driven two-
level a tom damped by a normal vacuum. An exten-
sion of the work of Q u a n g and Freedhoff to include 
Loren tz ian and Doppler broadenings was given by 
Ling and Barbay [8], and Szymanowski and Kei-
tel [9], T h e generation of coherence via incoherent 
p u m p i n g to produce a high refractive index accom-
panied by vanishing absorption has also been re-
ported [11], and the nonl inear effect , which takes 
p lace in the vicinity of an atomic resonance, has been 
taken into account for potential applicat ions of high-
index mater ia ls [12]. Very recently, Zibrov et al. [10] 
have exper imenta l ly demonstra ted that a resonant en-
h a n c e m e n t of the refract ive index is accompanied by 
vanishing absorption in a cell containing a coherently 
prepared R b vapour. All of these theoretical and ex-
per imenta l studies focus mainly on the resonant case. 
In this paper , we turn our attention to the off resonance 
case. 

It is known that modern lasers can generate bursts 
as short as 1 0 " 1 4 second. Unl ike cont inuous-wave 
radiation, a light pulse is m a d e up of a col lect ion of 
distinct f requencies and, hence , of a collection of pho-
tons with different energies. Such light has a perhaps 
counterintui t ive property. The briefer the pulse, the 
broader the range of energies within it. Rice et al. [14] 
have al lowed for the coherent control of the yield of 
a chemical reaction with pulses. The idea is that the 
first pulse br ings the molecu le into a superposi t ion 
state, and the second pulse breaks up the molecu le 
into different products . In this paper, fo l lowing such 
a coherent control scenario, we develop a coherent 
control theory of an off resonance refractive index of 
a med ium with a Gaussian pulse of coherent light. As 
an example , w e have shown, by using this theory, that 
the off resonance refract ive index of gaseous N 2 can 
be enhanced by changing the coherent parameters or 
the pulse durat ion of the coherent light. 

II. Theoretical Model of Molecule-Field 
Interactions 

The radiat ion-free molecu la r Hamil tonian, its dis-
crete or cont inuous set of energy eigenvalues, and 
the corresponding e igenfunc t ions are denoted by Ho, 
EN, and | 0 n ( r ) ) , respectively, which satisfy the t ime-
independent Schrödinger equat ion 

Hq I 4>n(r)) = EN I <f>N(R)) = hcon I 0 n ( r ) > , (1) 

where (</>m(r) | <f>n(r)) = 6mn, and ujn is the angular 
frequency. 
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In the presence of the radiation field, the time evolu-
tion of the molecule-field coupling system is governed 
by the Hamiltonian 

Hit) = H0 + V(t), (2) 

where the interaction Hamiltonian, Vit), which de-
scribes the interaction of the molecule with the radi-
ation field, is given in the dipole approximation by 

V(r,t) = -u-E(t), (3) 

where ü = —er(t) is the electric dipole moment op-
erator, —e is the charge of the electron, and E(t) 
represents the radiation field. Assuming that all of the 
properties of the molecule-field coupling system can 
be described by the wave function | ^ ( r , t)), we have 

ih d | &(r,t)) 
dt 

= H(t)inr,t)). (4) 

In general, the above time-dependent Schrödinger 
equation cannot be solved exactly. So, it is often ade-
quate to solve it through the use of perturbation the-
ory. In order to solve (4) systematically in terms of a 
perturbation expansion, we replace the Hamiltonian 
Hit) by 

H(t) = H0 + Wit), (5) 

where A is a continuously varying parameter ranging 
from zero to unity that characterizes the strength of 
the interaction, and A = 1 corresponds to the actual 
physical situation. Now we seek a solution to the 
Schrödinger equation (5) in the form of a power series 
in A: 

| $(r,t)) =| ^°\r,t)) + A | <^ (1)(r,0) (6) 

+ A2 | ^2\r,t)) + ... + XN | V(N\r,t)). 

Thereby, introducing (6) into (4) and requiring that all 
terms that are proportional to XN satisfy the equality 
separately, we obtain the set of equations 

(7) 

ih^\^N\r,t)) = H0\^N\r,t)) ( 8 ) 

+ Vir,t)\V(N-l\r,t)), N= 1 ,2 ,3 , . . . . 

Moreover, we expand the full time-dependent wave-
function | &{N\r,t)) in terms of eigenfunctions 
| 0 n ( r ) ) of the radiation-free molecular Hamiltonian 
H0, i.e., 

\ ^ » \ r , t ) = Y c r ( t ) e - l E , t / h \ M r ) ) , (9) 
i 

where C\N) gives the probability amplitude that, to 
Nth order in the perturbation, the molecule is in the 
energy eigenstate | (friir)) at time t. If (9) is substituted 
into (8), we find that the probability amplitudes are 
given by 

C%\t) = f Vml(t')C\N~1\t')e^'tldt', 
l J — oo 

(10) 

where ujmi = iEm — EL)/h is the transition frequency 
between eigenstates | 0 m ( r ) ) and | (j>iir)) of Ho, 
and Vml(t') = {(pmir) \ Vit') \ <f>t(r)) is a matrix 
element of the perturbing Hamiltonian. The form of 
(9) demonstrates the usefulness of the perturbation 
technique. Once the probability amplitudes of order 
N — 1 are determined, the amplitudes of the next 
higher order Ar can be obtained by straightforward 
time integration. 

Following the control scenario [14], here we as-
sume that the molecule-field coupling system is ini-
tially in the superposition of the eigenstates | </>a(r)) 
and | 0b(r)) of Ho, which can be realized by using a 
pulse light, i.e., 

| *ir,t = 0))=Ca | 4>a(r))+Cb | Mr))- O D 

Then we have 

Cl°\t) = Cl6la + Cl6lb, (12) 

Cl\t) = CM)' Vlait')elUlai' dt' 

+ Cbiih)~[ / VUt'W"'1'dt' 
J — oo 

= cai-ih)-lulaiit,ula) 

+ cb(-ihrlulbiit,uJlb), 

(13) 

where UlJ = (0 t(r) | u | (f>j(r)) is the transition-
dipole matrix element between | (^(r)) and | 0 j ( r ) ) , 
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and I(t, Q), the spectral density at the frequency i?, 
is defined as 

In addition, the polarization of a medium, P , is 
defined by the sum of the individual dipole moments 
pl per unit volume, i.e. 

I(t, Q) = I E(t')eim'dt'. ( 1 4 ) N 

i= l 
(21) 

Assuming a uniform density p of the medium, we 
have 

Once the radiation field E(t) and the dipole matrix 
elements are given, we get | &(r,t)), which de-
scribes all the properties of the molecule-field cou-
pling system. 

III. Definition of the Refractive Index of a Medium rT,1 , . , 
The polarization can be decomposed into a perma-

From classical optics, the refractive index of a n f n t ^mpcmentand a transitory response due to the 
j e j f . u j r electric field. The latter one is characterized by the medium is defined as a measure of the speed v of . J 

P = pp. (22) 

an electromagnetic wave in the medium with respect 
to its speed c in the vacuum, i.e. 

c _ 
v 

_pe_ 

ßoeo' 
( 1 5 ) 

where p is the permeability, e is the permittivity of the 
medium, and the subscript 0 is to denote the values 
in the vacuum. For most materials, p « p0. Then we 
have 

(16) n = W — = We 
eo 

where er is the relative permittivity of the medium. 
The permittivity is a measure of the response of a 

medium to an applied field E: 

D = eE = €Q erE, (17) 

D = e0E + P - A - Q + ... (18) 

where P is the dipole moment, and A • Q is the 
quadrapole moment. Since we only consider the cases 
of a weak radiation field, we have 

D « e0E + P. 

Comparing (17) with (19), we get 

P = c 0 ( € r - I n -

susceptibility i.e. 

P(r,t) = e o X(r)E{r,t~r)dr. (23) 

After taking the Fourier transformation, the suscepti-
bility X is defined in the frequency UJ by 

P ( r , w ) = e0 x(u)E(r,u). 

Moreover, from (20) and (24) we have 

er = \+ xM. 

Finally, we get 

n(uj) = yj 1 +x(w). 

(24) 

(25) 

(26) 

Since the susceptibility is complex, i.e. \ = x' + 

is complex, the refractive index n is also complex. 
The real part n' of the refractive index n, given by 

where D is the displacement vector. In the multipolar 
component formula, it is expanded as n = (27) 

is related to the propagation speed of the wave front in 
the medium. The imaginary part n" of the refractive 
index n describes the modification of the amplitude 
of the electromagnetic wave as it propagates through 
the medium, which is given in detail by 

( 1 9 ) 

(20) 

n = 
( 2 8 ) 

where sign(x) = 1 for x > 0 and sign(x) = — 1 for 
x < 0. 
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Therefore, if we know the dipole moment P(UJ) 
and the field E(U), we can calculate the susceptibility 
X(u) and finally get the refractive index of a medium. 

IV. Coherent Control of the Refractive Index of a 
Medium 

The expectation value of the electric dipole mo-
ment of a molecule is exactly given by 

p(t) = (V(r,t)\u\V(r,t)) (29) 

= (^(0)(r,t) | Ü | V(0\r,t)) 

+ \({${0)(r,t) | u | ${X\r,t)) 

+ {${l\r,t) | u | V(Q\r,t))) 

+ A 2 ( ( V ( 0 \ r , t ) | u | *(2\r,t)) (30) 

+ (^(1)(r,0 | u | VW(r,t)) 

+ {Vi2\r,t) | ü | ${0\r,t))) 

+ .... 

As mentioned in Sect. II, we assume that the system 
is initially in the superposition state (11). Up to the 
first order and setting A = 1, we have 

p(t) = \Ca\2Uaa + \Cb\2Ubb 

+ \Cb\\Ca\ei6Uab€iUabt + \Cb\\Ca\e~iä Ubae~ilJ,'at 

+ {j\Ca\2 Y , UlaUalKt, UJ^e'^ + C.C.} 
N I 

+ {l;\Cb\2YulbUblI(t,Lolb)e-l""'t+c.C.} (31) 
h Y 

+ {j^hWCaW6 ^ UiaUblI(t, UJla)e~iuJ"'t + C.C.} 
n I 

+ {r-|Ca||C&|e-i<5 ^ ^ UibUaiI(t,u)ib)e~ iuJ,at + c.c.}. 
n I 

where 6 is the relative phase between the states |0 a ) 
and \(pb). In the above equation, the first and sec-
ond terms denote the contribution from the permanent 
dipole moment of the medium, the first and second 
sum terms are the contribution when the system is 
initially in a pure state, and the other terms show the 
interference effect between the states |(fia) and \(j>b). 

Following the coherent control scenario [14], we 
suppose that the molecule interacts with a pulse of co-
herent light. Classically, a general pulse can be written 
as an integral over all the modes: 

E(t) = E(uj)e~lut du, (32) 

where UJ is the mode frequency. Then the spectral 
density I(t, i?) can be written as 

I(t,Q) = JRw(*,ß) + / a w ( f , ß ) , (33) 
roo ei(f2-uj)t 

/RW(*,/2) = / E(UJ)— - dw, (34) 
Jo HJ? - u) 

roo „i(n+uj)t 
/ C R W 0 , ß ) = / E(-UJ)-— -duj, ( 3 5 ) 

Jo + w) 

where /RW(<, ft) and IcRw(t, ft) denote the rotating-
wave and counter-rotating wave contributions, re-
spectively. It is known that the spectral density comes 
mainly from the rotating-wave term in the resonant 
case where the counter-rotating wave contribution 
may be neglected, but in the off resonance case, both 
terms play an important role for the spectral den-
sity [15]. 

Using a Gaussian pulse, we have 

E(t) = tfpe-^-^V^"^, (36) 

E(U) = 7T-L/2EPAE-A2^-^)2E-IWT% ( 3 7 ) 

where tc and UJC are the central time and frequency 
positions of the Gaussian pulse, respectively; r = 
l / ( 2 \ / l n 2 D is the pulse duration; a = r / 2 ; r is 
exactly the fwhm of E(t), and E~ -1 = 2^fW2j a is 
the fwhm of E(UJ). Then we have 

JRW(<, ft) = 7Tl/2Epae~a2{n-^)2eWt<sign(t - tc) 

•{2d(t~tc)-eß2W[s\gn(t-tc)ß+]}, (38) 

/CRW(t, f2) = V^Epae-a2(n+"<)2e-im<sign(t - tc) 

e0-W[sign(t-tc)ß_), (39) 

where 6{x) is the Heaviside function (9(x) = [1 + 
sign(x)]/2), W[z] is the complex error function [16], 
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R 

Fig. 1. The real part of the refractive index of the gaseous 
medium N2 when the system is initially in the superposition 
of the ground state \u = 0, J = 0, M = 0) and the excited 
state \u - 0, J = 2, M = 0) of the ground electronic state 
XZg with ICaI = \Cb\ = \/2/2 and 6 = 0, and the central 
frequency u>c(= 0.072 a.u.) of the Gaussian pulse is far 
away from the transition frequency between the ground and 
excited electronic states. The dashed line is the result when 
the system is initially in the ground state \u = 0, J = 0, 
M = 0) of the ground electronic state. Here, R = (u> — 

p = 2.68845 x 1025 at STP, £ p = 109 Vm ~\tc = 
2.5r = 5a, I T 1 = OA A, and A = 0.0106209 a.u. is the 
frequency width between the ground state \u = 0, J = 0, 
M = 0) and the excited state \v = 0, J = 2, M = 0) of the 
ground electronic state. 

and ß± are given by 

ß+ = a{Q + (40) 
2a 

/?_ = a ( f ] + + (41) 
2a 

Given the spectral density I(t, Q), we are able to 
get the t ime-dependent dipole moment p(t) f rom (31). 
Then, we do a Fourier transformation and get the 
frequency-dependent dipole moment p{uS). Finally, 
using (24), we get the refractive index of the medium. 
It is clear that the refractive index of the medium does 
not depend on the pulse amplitude Ep, but on the 
parameters \Ca\, \Cb\, 8, and r ( r - 1 or E~l). So, 
by changing those parameters, it is possible to con-
trol and even get an enhanced refractive index of the 
medium. 

Taking the gaseous medium as an example, 
we study its refractive index. Since we focus on the 
molecule N2, the dipole transition is forbidden be-
tween 14>a(r)) and \(f>b(r)) if they are in the same elec-

1.01 

1.008 -

a) •o c 
.1 1.006 -

1 1 1 1 1 1 
-0.6 -0.4 -0.2 0 0.2 0.4 0.6 

R 

Fig. 2. The real part of the refractive index of the gaseous 
medium N2 when the system is initially in the superposition 
of the ground state \u = 0, J = 0, M = 0) and the excited 
state \v = 0, J = 2, M = 0) of the ground electronic state 
XEg with JCa J = \Cb\ = V2/2 and 5 = 0. (a) = 0 . 1 ^ 
(solid line); (b) E~x = A (long dashed line); (c) E~] = 
10Z\ (short dashed line). The others are the same as in 
Figure 1. 

Fig. 3. The real part of refractive index of the gaseous 
medium N2 when the system is initially in the superposition 
of the ground state |i/ = 0, J = 0, M = 0) and the excited 
state \u = 0, J = 2, M = 0) of the ground electronic state 
XE+ with ICaI = \Cb\ = V2/2. (a) 6 = 0.0 (solid line); 
(b) 6 = 7T/3 (long dashed line); (c) 6 = 7r/2 (short dashed 
line), where E " 1 = 10z\, and the others are the same as in 
Figure 1. 

tronic state. In this case, Uab = Uba = 0. In addition, 
our medium has no permanent dipole moment , i.e., 
uaa = ubb = 0. 

In Fig. 1, we show the results when the central fre-
quency u)c is 0.072 a.u., far away from the transition 
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frequence (J? = 0.473 a.u.) between the ground state 
\v = 0, J = 0, M = 0) of the excited electronic state 
b'E+ and the ground state \v = 0, J = 0, M = 0) of the 
ground electronic state XXg. The dashed line is the re-
sult when the system is initially in the ground state of 
the ground electronic state, while the solid line is the 
result when the system is initially in the superposition 
of the ground state |0 aO)) = \v = 0, J = 0, M = 0) 
and |<f>b(r)) = \v = 0, J = 2, M = 0) of the ground 
electronic state XXg. It is seen that the refractive index 
is enhanced due to the interference effect between the 
states |0 a) and |0&).ln Fig. 2, we show the relation be-
tween the refractive index and the pulse width 
It is seen that the off resonance refractive index is 
enhanced by increasing the pulse width I7 - 1 (or say, 
decreasing the pulse duration r) . Finally, in Fig. 3, we 
show the phase-dependence of the refractive index. 
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